Spherical Harmonic Transforms (SHTs) which are non-commutative Fourier transforms on the sphere are critical in global geopotential and related applications. Among the best known global strategies for discrete SHTs of band-limited spherical functions are Chebychev quadratures and least squares for equiangular grids. With proper numerical preconditioning, independent of latitude, reliable analysis and synthesis results for degrees and orders over 3800 in double precision arithmetic have been achieved and explicitly demonstrated using white noise simulations. The SHT synthesis and analysis can easily be modified for the ordinary Fourier transform of the data matrix and the mathematical situation is illustrated in a new functional diagram. Numerical analysis has shown very little differences in the numerical conditioning and computational efforts required when working with the two-dimensional (2D) Fourier transform of the data matrix. This can be interpreted as the spectral form of the discrete SHT which can be useful in multiresolution and other applications.
Introduction
On the spherical Earth as on the celestial sphere, array computations can be done for regional and global domains using planar and spherical formulations.
Quadratures and least-squares estimation are used to convert continuous integral formulations into summations over data lattices. Spherical topologies are quite different from planar ones and these have important implications in the computational aspects of array data processing.
Spherical geocomputations for regional domains of even continental extents can be reduced to planar computations and under assumptions of stationarity or shift invariance, discrete array computations can be optimized using Fast Fourier Transforms (FFTs).
Specifically, convolution operations for filtering and other data * E-mail: blais@ucalgary. Colombo (1981) , Dilts (1985) , Sneeuw (1994) , Molenkamp (1999) , Holmes and Featherstones (2002) , Healy et al. (2003) , Jekeli et al. (2007) ). Other approaches have also been used for discretization and analysis of functions on the sphere using triangular and curvilinJournal of Geodetic Science 10 ear tessellations based on inscribed regular polytopes (see e.g. Gorski et al. (2005) , Blais (2007 Blais ( , 2010 ). Depending on the applications, these strategies may be preferable to the equiangular ones which will be discussed in the following.
The associated Legendre functions for high degrees and orders are computationally very challenging. Without any normalization, one can hardly compute SHTs of degrees and orders over 50 or so in double precision arithmetic. With proper normalization such as the geodetic one used in the following computations, one can achieve degrees and orders to around 1800 in double precision arithmetic (Blais and Provins 2003) and over 3600 in quadruple precision arithmetic (i.e. REAL*16) (Blais et al. 2005 and 2006) . With proper numerical preconditioning independent of the latitude, the Legendre functions can be evaluated reliably for degrees and orders over 3800 in double precision arithmetic (Blais 2008 ).
This has been demonstrated explicitly in synthesis and analysis computations using unit spectral coefficients (i.e. white noise simulations) with equiangular grids that do not include the poles.
In other words, the previously published results using Chebychev 
Continuous and Discrete Spherical Harmonic Transforms
The Fourier expansion of a function f(θ , λ) on the sphere S 2 is given by 
with the overbar denoting the complex conjugate with dσ denoting the standard rotation invariant measure dσ = sin θ dθ dλ on S 2 . In most practical applications, the functions f(θ,λ) are (spherically) band-limited in the sense that only a finite number of those coefficients are nonzero, i.e.
≡ 0 for all degrees > N and orders | | < . Hence, using the regular equiangular grid θ = jπ/J and λ = 2π/K , = 0
with J and K to be specified later on, spherical harmonic synthesis can be formulated as
and using some appropriate spherical quadrature, the corresponding spherical harmonic analysis can be formulated as
for quadrature weights as discussed by various authors e.g. Driscoll and Healy (1994) ; Sneeuw (1994); Blais and Provins (2002) .
The usual geodetic spherical harmonic formulation is given as
where
with the geodetically normalized Legendre functions P (cos θ)expressed in terms of the usual spherical harmonics Y (θ λ) (see e.g. (Heiskanen and Moritz, 1967) and (Blais and Provins 2002) for details). The tilde``∼'' will be used to indicate geodetic normalization in the following.
Explicitly, using the geodetic formulation and convention, one has for synthesis,
and for analysis, using complex analysis,
which is simply the parallel-wise Fourier transform of the spatial array data.
Hence using data equispaced in longitude and the corresponding Discrete Fourier Transform (DFT) and Inverse DFT, one can write for each parallel,
and more generally, for complex data,
which will be seen to be important when experimenting with arbitrary spectral coefficients˜ and˜ . Furthermore, the ordinary discrete Fourier transform implies that Eq. (10) is valid and exact in exact arithmetic for complex data (θ λ ) which may not be common in geophysical applications but can arise in simulations with arbitrary spectral coefficients˜ and˜ .
Correspondingly, for each meridian, with some appropriate Chebychev Quadrature (CQ) or Least Squares (LS) to be described explicitly below,
in which the synthesis is only partial, i.e. in the Fourier domain.
Notice that in general for (spherical) band limit N, N rows of isolatitude data are required with LS while 2N rows of equispaced isolatitude data are required with the CQ, and at least N equispaced data are required (although 2N or even 4N data are common in practice) for DFT per parallel. Explicitly,
for 2N isolatitudes with ∆θ = π/2N for CQ and N isolatitudes with ∆θ = π/N for LS. In longitude, only N equispaced points with ∆λ = 2π/N for both CQ and LS in the following experimentation. In practice, it is often desirable to have ∆θ = ∆λ so that 4N equispaced isolongitudes are used with CQ and 2N are used with LS. This is achieved with appropriate zero padding of the {u (θ ) + iv (θ )} for each parallel. A shift in latitude of the grids by half ∆θ is also often implemented to exclude the poles and allow the use of hemispherical symmetries in the associated Legendre functions P (cos (π -θ)) = (-1) + P (cos θ). These choices of equiangular grids and other options are discussed explicitly in e.g. Blais et al. (2005 and 2006) .
SHT is a two-step analysis transformation
with the inverse being the synthesis transformation for {u (θ ) + iv (θ )} followed by the inverse DFT per parallel or row. More discussion of the data arrays will be included in the simulation examples.
Now, in some applications with equiangular data (θ λ ), it is important to consider the corresponding 2D Fourier transform, that is,
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which is also exact in exact arithmetic. Hence the functional diagram in Figure 1 which summarizes the mathematical situation with the separability of latitude and longitude formulations as well as the commutativity of the ordinary Fourier transforms.
It therefore follows that a modification of SHT for the Fourier trans-
be defined as follows:
with the inverse being the synthesis transformation for {u (θ ) + iv (θ )} followed by the DFT per meridian or column. More discussion of the data arrays will be included in the simulation examples. Explicitly, the Chebychev Quadrature (CQ) is as follows
with ≡ u (θ ) and ≡ v (θ ), and CQ weights 
Numerical Experimentation
The previous definitions of SHTs and FHTs are for band-limited spherical functions and these correspond to finite sequences of spherical harmonic coefficients. In practice, numerical experimentation and analysis are done using simulations for spectral coefficients of different degrees and orders. After spherical harmonic synthesis and analysis, an RMS of the spectral differences can be obtained and subsequently using a second synthesis of the computed coefficients, an RMS of the spatial differences results. Table 1 for degrees and orders to 3900. The results for degrees and orders to 1800 or so agree exactly with those double precision results published in (Blais et al, 2005 and 2006) . For higher degrees and orders to 3900, these results also generally agree with the synthesis/analysis results in (Blais, 2008) corresponding to Eq. (11). The numerical stability in the full spherical harmonic synthesis and analysis is very good for simulations using unit spectral coefficients. Again, with physically realizable spectral coefficients decreasing in magnitude with increasing order, the corresponding RMS would be smaller.
The same synthesis/analysis and second synthesis simulations have also been done using the modified SHT, herein called FHT, Tables 1   and 2 show a small improvement for the Fourier domain over the spatial domain which would be somewhat insignificant for practical applications.
In comparison with the corresponding SHT results for Table 1 in (Blais, 2008) , the small differences are attributable to the fact that the latter are for the reproducibility of the spectral coefficients following Eq. (11) above using CQ and LS using unit spectral coefficients.
The following Tables 1 and 2 
These results confirm the accuracy and numerical stability of SHT and FHT when using the current EGM 2008.
For the white noise simulations, the computer times are essentially as discussed in Blais (2008) 
Concluding Remarks
For general applications, considerable work has been done on solving the computational complexities, and enhancing the speed of calculation of spherical harmonic transforms for different equiangular grids. The numerical problems of evaluating the associated Legendre functions for very high degrees and orders have been resolved using numerical preconditioning as detailed in Blais (2008) .
Explicitly, using simulated unit spectral coefficients for degrees and orders over 3800, full synthesis and analysis lead to numerically stable RMS errors. For more physically realizable spectra such as in geodetic applications, these simulation results can be expected to improve by at least a couple of orders of magnitude, as experi- The implications can be very interesting for applications where the Fourier transform of the data matrix is more appropriate or convenient.
As enormous quantities of data are involved the gravity field and other (e.g. the Cosmic Microwave Background) applications, parallel and grid computations are imperative for these applications.
Preliminary experimentation with parallel processing has already been done (Soofi and Blais, 2005) and these double precision results can readily be duplicated in parallel environments.
